Let be a G-symmetric graph admitting a nontrivial G-invariant partition B. For B ∈ B, let D(B) = (B; B (B); I) be the 1-design in which IC for ∈ B and C ∈ B (B) if and only if is adjacent to at least one vertex of C, where B (B) is the neighbourhood of B in the quotient graph B of relative to B. In a natural way the setwise stabilizer GB of B in G induces a group of automorphisms of D(B). In this paper, we study those graphs such that the actions of GB on B and B (B) are permutationally equivalent, that is, there exists a bijection : B → B (B) such that ( x ) = ( ( )) x for ∈ B and x ∈ GB. In this case the vertices of can be labelled naturally by the arcs of B. By using this labelling technique we analyse B ; D(B) and the bipartite subgraph [B; C] induced by adjacent blocks B; C of B, and study the in uence of them on the structure of . We prove that the class of such graphs is precisely the class of those graphs obtained from G-symmetric graphs and self-paired G-orbits on 3-arcs of by a construction introduced in a recent paper of Li, Praeger and the author, and that can be reconstructed from B via this construction.
Introduction
Let be a ÿnite graph and s ¿ 1 an integer. An s-arc of is a sequence ( 0 ; 1 ; : : : ; s ) of vertices of such that i ; i+1 are adjacent in and i−1 = i+1 for each i. If admits a group G of automorphisms such that G is transitive on the vertex set V ( ) of and, in its induced action, is transitive on the set A s ( ) of s-arcs of , then is said to be (G; s)-arc transitive. In the literature a 1-arc is usually called an arc and a (G; 1)-arc transitive graph is called a G-symmetric graph. Clearly, a G-symmetric graph is regular, that is, all the vertices of have the same valency, which we call the valency of and denote by val( ). Instead of A 1 ( ) we will use A( ) to denote the arc set of the graph . For a group G acting on two ÿnite sets 1 and 2 ; respectively, if there exists a bijection : 1 → 2 such that ( x ) = ( ( )) x for any ∈ 1 and x ∈ G, then the actions of G on 1 and 2 are said to be permutationally equivalent with respect to .
The study of symmetric graphs and highly arc-transitive graphs has been one of the mainstreams in algebraic combinatorics over many years. The reader is referred to [9 -11] for survey information about recent research in this area. Roughly speaking, in most cases the vertex set V ( ) of a G-symmetric graph admits a nontrivial G-invariant partition, that is, a partition B of V ( ) such that 1 ¡ |B| ¡ |V ( )| and B g ∈ B for any B ∈ B and g ∈ G, where B g :={ g : ∈ B}. If this occurs then is said to be an imprimitive G-symmetric graph. In the opposite case, G is primitive on V ( ) and the well-known O'Nan-Scott theorem has been proved to be very useful (see e.g. [10] ). On the contrary, it seems that no such a powerful mathematical tool is available for imprimitive G-symmetric graphs. In an ambitious scheme, Gardiner and Praeger [3] introduced a geometric approach to studying such a graph , which involves an analysis of the following three conÿgurations (see Section 2, paragraph 2 for deÿnitions) associated with ( ; B): is isomorphic to a 3-arc graph of B relative to a self-paired G-orbit on A 3 ( B ). For a regular graph , a subset of A s ( ) is said to be self-paired if ( 0 ; 1 ; : : : ; s ) ∈ implies ( s ; : : : ; 1 ; 0 ) ∈ . For a self-paired subset of A 3 ( ), the 3-arc graph Arc ( ) of relative to was deÿned in [6, Section 6] to have vertex set A( ) in which ( ; ); ( ; ) are adjacent if and only if ( ; ; ; ) ∈ . The self-parity of ensures that adjacency in this graph is well-deÿned. For further development of the geometric approach above, the reader is referred to [4 -6,12,13] .
In a natural way, the setwise stabilizer G B of B in G induces a group of automorphisms of the 'cross-sectional' geometry D(B), and G B is transitive on the points, the blocks and the ags of D(B) (see Lemma 2.1). So the permutation equivalence between the actions of G B on the "points" B and the "blocks" B (B) of D(B) is a geometric property bridging naturally the two parts of D(B). We notice that, besides the case mentioned above, this property is also possessed by some other imprimitive G-symmetric graphs (see Example 2.2). This motivated us to study such graphs without necessarily assuming that k = |B| − 1 or D(B) contains no repeated blocks. That is, we will study in this paper G-symmetric graphs admitting a nontrivial G-invariant partition B such that the following (PE) holds for some block B ∈ B.
Assumption (PE). The actions of G B on B and B (B) are permutationally equivalent with respect to some bijection : B → B (B).
To avoid triviality, we will assume without mentioning explicitly that val( ) ¿ 1 and that B has at least one edge. This latter assumption on B implies that each block of B is an independent set of (see e.g. [3, 8] ). As we will see later, any G-symmetric graph satisfying (PE) can be reconstructed from the G-symmetric quotient B via the 3-arc graph construction. In fact, we will show that the class of such graphs is precisely the class of all 3-arc graphs Arc ( ) with a G-symmetric graph and a self-paired G-orbit on A 3 ( ), and hence it is a quite large class of symmetric graphs.
The structure and main results of this paper are as follows. After introducing terminology and giving an example in Section 2, we develop in Section 3 a labelling technique for studying G-symmetric graphs satisfying (PE). More precisely, we will show that each vertex of can be labelled uniquely by an ordered pair "BC" of adjacent blocks B; C of B , and we will prove some basic results relating to this labelling (Theorem 3.2). In particular, we will show that each vertex "BC" of has a unique mate (Theorem 3.2(b)), labelled by "CB", and that V ( ) admits two other G-invariant partitions (Theorem 3.2(b) and (c)), namely B * = {B * : B ∈ B} with B * the set of mates of the vertices of B, and P with each block consisting of two mated vertices. Moreover, there is no edge of between B and B * (Theorem 3.2(d)). In the case where adjacent vertices of have the same second coordinate in their labels, the girth( B ) of B is equal to 3 and is a disconnected graph with each connected component contained in some block of B * (Theorem 3.3(b)). In the case where girth( B ) ¿ 5, we give some structural information about the bipartite graph [P; Q], where P; Q are adjacent blocks of P or adjacent blocks of B * , and show that the involution interchanging each pair of mated vertices induces a graph monomorphism from to its complement , and induces a graph monomorphism from B to B * (Theorem 3.4). Based on this we obtain upper bounds for the valencies of and B in this case (Corollary 3.5).
Under the assumption (PE), one may expect a more active role played by D(B) in in uencing , B and [B; C], and this will be studied in In Section 5, we continue our study under the additional assumption that the mapping in (PE) preserves the incidence relation of D(B) in the sense that, for ∈ B and C ∈ B (B), IC if and only if −1 (C)I ( ). In this case, D(B) is a self-dual 1-design and induces a polarity of D(B) (Proposition 5.1). We will prove in particular that, if adjacent vertices of have labels involving four distinct blocks and if [B; C] ∼ = kK 2 is a matching of k edges, then there exists a G-orbit O on n-cycles of B , for a certain even integer n ¿ 4, such that the adjacency of and the incidence relation of D(B) are determined completely by O (Theorem 5.3).
In Section 6, we will prove (Theorem 6.2) that any G-symmetric graph satisfying (PE) can be reconstructed from B and the action of G on B, namely is isomorphic to a 3-arc graph of B relative to a certain self-paired G-orbit on A 3 ( B ). Conversely, we will show that, for any G-symmetric graph and any self-paired G-orbit on A 3 ( ), the 3-arc graph Arc ( ) is a G-symmetric graph which admits a G-invariant partition B such that (PE) is satisÿed for all B ∈ B.
Deÿnitions, notation and example
We refer to [1] for terminology and notation on incidence structures and designs, and to [2] for that on permutation groups. For a graph and an integer n ¿ 1, we use n to denote the graph consisting of n vertex-disjoint copies of . So in particular nK 2 is a matching of n edges. We denote by ( ) the neighbourhood in of a vertex ∈ V ( ), that is, the set of vertices of adjacent to in . For two graphs and , a mapping ' : V ( ) → V ( ) is called a graph homomorphism if ' maps adjacent vertices of to adjacent vertices of ; if in addition ' is one-to-one, then it is called a graph monomorphism.
Let be a G-symmetric graph and B a nontrivial G-invariant partition of V ( ). The quotient graph of with respect to B, denoted by B , is deÿned to be the graph with vertex set B in which two blocks B; C ∈ B are adjacent if and only if there is an edge of joining a vertex of B and a vertex of C. ∈ V are adjacent if and only if (i) ; ÿ; ; are distinct, and (ii) ÿ; and the unique point collinear with ; are distinct and are collinear in PG(2; 2). For example, 17; 26 are adjacent in since the unique point collinear with 1; 2 is 3 and since 7; 6; 3 are collinear in PG(2; 2). Similarly, we have (17) = {26; 62; 35; 53}. Note that the pointwise stabilizer G 17 of 1; 7 in G contains an element which exchanges 2 and 6 and exchanges 3 and 5; also 
The labelling technique
As a fundamental fact, we now show that (PE) holds if and only if the vertices of can be labelled in a natural way by the arcs of B . For convenience we call a mapping : V ( ) → A( B ) compatible with B if, for any ∈ V ( ), the arc ( ) of B is initiated at the block B( ). Proof. Suppose ÿrst that (PE) holds for some block B ∈ B and a bijection : B → B (B), and let be a ÿxed vertex of B. Then, since is G-vertex-transitive, each vertex of has the form x for some x ∈ G. We will show that : 
Lemma 3.1 implies that, under the assumption (PE), each vertex of can be uniquely labelled by an ordered pair "BC" of adjacent blocks of B , where (B; C) = ( ). In the following, we will identify with the label "BC", so we have
for x ∈ G and "BC" ∈ V ( ). One can see that the block B is precisely the set of those vertices of whose labels have the ÿrst coordinate B, that is, B = {"BC": (B; C) ∈ A( B )}. Note that each vertex = "BC" of has a unique mate :="CB", and that z: → deÿnes an involution on V ( ). Also, z centralises G since "BC" zx = "CB" x = "C x B x " = "B x C x " z = "BC" xz for any x ∈ G. Since G preserves B invariant whilst it is easy to see that B z = { : ∈ B} ∈ B, we have z ∈ G. Clearly, {{ ; }: ∈ V ( )} is a (G × z )-invariant partition of V ( ), and the graph with vertex set V ( ) and arc set {( ; ): ∈ V ( )} is G-symmetric. We record these basic results in the following theorem, which will be used repeatedly in our later discussion. For B ∈ B, we set B * :=B z . (a) Each vertex of can be labelled uniquely by an ordered pair "BC" of adjacent blocks of B ; where (B; C) = ( ). Moreover; we have G "BC" = G B; C and "BC" x = "B x C x " for "BC" ∈ V ( ) and x ∈ G. (b) Each vertex = "BC" has a unique mate :="CB"; the mapping z : → deÿnes an involution such that z ∈ G and z centralises G; P:={{ ; }: ∈ V ( )} is a (G × z )-invariant partition of V ( ); and the graph with vertex set V ( ) and arc set {( ; ): ∈ V ( )} is G-symmetric. Proof. The truth of (a) and (b) has been shown above, and from this we get (c) by a routine argument. To prove (d), we assume that B; C are two adjacent blocks of B . If "CB" is adjacent to "BC", then, since val( ) ¿ 1, "CB" is adjacent to a vertex "B 1 C 1 " distinct from "BC". By the G-symmetry of , there exists x ∈ G such that ("CB"; "BC") x = ("CB"; "B 1 C 1 "). From (1) this implies that C = C x = C 1 ; B = B x = B 1 , a contradiction. Hence each vertex "CB" of V ( ) is not adjacent to its mate "BC". Similarly, if "CB" is adjacent to a vertex "BD" ∈ B \ {"BC"}, then we can take a vertex "B 1 D 1 " which is distinct from "BD" and is adjacent to "CB", and hence ("CB"; "BD") x = ("CB"; "B 1 D 1 ") for some x ∈ G, implying B = B x = B 1 . On the other hand, there exists y ∈ G such that ("CB"; "BD") y = ("B 1 D 1 "; "CB"). This implies C = B y = D 1 , and hence "B 1 D 1 " = "BC". Again, this is a contradiction and hence there is no edge of between B and B * . In particular, if ("BC"; "DE") is an arc of , then C = D; B = E and hence (C; B; D; E) is a 3-arc of B .
As shown in the following theorem, the G-symmetric graphs satisfying (PE) fall into two categories according to the nature of labels of adjacent vertices of . 
Proof. It is easy to see that either (a) or (b) occurs, and that (a) occurs if and only if each block of B
* is an independent set of . In the following, we suppose (b) occurs, and let "CB"; "DB" be adjacent vertices. Then girth( B ) = 3 since (B; C; D; B) is a triangle of B . Clearly, any two adjacent vertices of lie in the same block of B * , and hence the subgraph [E * ] induced by each E * ∈ B * consists of connected components of . By our assumption, "CB" is the unique vertex in C adjacent to "DB". (c) Clearly, (i) and (ii) are equivalent since A 2 ( B ) is a G-orbit on A 2 ( B ). Note that k = v − 1 implies k = v − 1 ¿ 2 for otherwise we would have val( ) = 1, contradicting our assumption on the valency of . From the argument in the proof of (b), we have: 
The case where is incidence-preserving
In this section, we study the case where the bijection in (PE) is incidence-preserving in the sense that it satisÿes
for ∈ B and D ∈ B (B). Using labels for vertices of , this condition can be restated as
for distinct C; D ∈ B (B), which in turn is equivalent to saying that For brevity we call a chordless 6-cycle in a given graph a hexagon, where a chord of a cycle is an edge joining two non-consecutive vertices of the cycle. Recall that in Section 3, we deÿned to be the graph with vertex set V ( ) and edge set {{ ; }: ∈ V ( )}. In the case where (b) in Theorem 3.3 occurs, we have the following result which is interesting from a combinatorial point of view. Proof. Let {"BC", "DC"} be an edge of . Then "BC"ID and "DC"IB. From (3) and our assumption on labels of adjacent vertices, it follows that "BD" is adjacent to "CD" and "DB" is adjacent to "CB". It is easy to see that h{"BC"; "DC"}:= ("BC"; "DC"; "CD"; "BD"; "DB"; "CB"; "BC") is a hexagon of ∪ whose edges belong to and alternatively. (See Fig. 2 , where the dashed lines represent edges of .) Set H:={h{"BC"; "DC"}: ("BC"; "DC") ∈ A( )}:
Since both and are G-symmetric, H is G-invariant. One can see that h{"BC"; "DC"} = h{"CD"; "BD"} = h{"DB"; "CB"}, and this is the unique hexagon in H containing the edge {"BC"; "DC"} of . By Theorem 3.3(b), we have [B; D] ∼ = kK 2 . When {"BC"; "DC"} runs over all the edges of [B; D], we get k hexagons h{"BC"; "DC"}, and these are the only members of H containing the edge {"BD"; "DB"} of . By the deÿnition of the hexagons of H, the validity of (c) is clear.
The case where two adjacent vertices of have labels involving four distinct blocks seems to be much more complicated, even under our additional assumption that is incidence-preserving. So we concentrate on the extreme case where [B; C] ∼ = kK 2 is a matching. In this case, the following theorem shows that there exists a G-orbit on n-cycles of B , for some even integer n ¿ 4, which determines completely the adjacency of . 3 implies that B is a near n-gonal graph with respect to O, that is, each 2-arc of B is contained in a unique n-cycle of O. Near-polygonal graphs were introduced in [7] , and a systematic study of almost covers of 2-arc transitive near-polygonal graphs was conducted in [12] .
6. Three-arc graphs and the reconstruction of In fact, the action of G on ( ) is permutationally equivalent to the actions of G on B( ), B * ( ) with respect to the bijections deÿned by → ( ; ), → ( ; ), for ∈ ( ), respectively. Thus, if is a G-symmetric graph and is a self-paired G-orbit on A 3 ( ), then by Lemma 6.1, Arc ( ) is a G-symmetric graph satisfying (PE) for the G-invariant partition B( ). By using the labelling technique developed in Section 3, we now prove that any G-symmetric graph satisfying (PE) has this form, namely is isomorphic to a 3-arc graph of B relative to a certain self-paired G-orbit on A 3 ( B ). Therefore, such a graph can be reconstructed from the quotient B and the action of G on B.
Theorem 6.2. Suppose that is a ÿnite G-symmetric graph admitting a nontrivial G-invariant partition B such that; for some B ∈ B; the actions of G B on B and B (B) are permutationally equivalent; so the vertices of are labelled by ordered pairs of adjacent blocks of B . Then ∼ = Arc ( B ) for the (self-paired) G-orbit on A 3 ( B ) containing the 3-arc (C; B; D; E); where ("BC"; "DE") is an arc of .
